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In a flat Bloch band the kinetic energy is quenched and single particles cannot propagate since
they are localized due to destructive interference. Whether this remains true in the presence of inter-
actions is a challenging question because a flat dispersion usually leads to highly correlated ground
states. Here we compute numerically the ground state energy of lattice models with completely
flat band structure in a ring geometry in the presence of an attractive Hubbard interaction. We
find that the energy as a function of the magnetic flux threading the ring has a half-flux quantum
Φ0/2 = hc/(2e) period, indicating that only bound pairs of particles with charge 2e are propagating,
while single quasiparticles with charge e remain localized. For some one dimensional lattice models
we show analytically that in fact the whole many-body spectrum has the same periodicity. Our an-
alytical arguments are valid for both bosons and fermions, for generic interactions respecting some
symmetries of the lattice and at arbitrary temperatures. Moreover for the same one dimensional
lattice models we construct an extensive number of exact conserved quantities. These conserved
quantities are associated to the occupation of localized single quasiparticle states and force the
single-particle propagator to vanish beyond a finite range. Our results suggest that in lattice mod-
els with flat bands preformed pairs dominate transport even above the critical temperature of the
transition to a superfluid state.
PACS numbers: 74.25.F-, 74.20.Fg, 74.20.-z, 67.85.Lm
I. INTRODUCTION
A flat band is a Bloch band with constant energy as
a function of quasimomentum and, as a consequence, it
is highly degenerate. In a flat band it is always possible
to find a basis composed of eigenstates that are com-
pletely localized, a possible choice are the Wannier func-
tions [1]. Only in a flat band the Wannier functions are
eigenstates of the single-particle Hamiltonian. A particle
initially placed in one of these states will remain local-
ized for arbitrary long times [2]. In other words, a flat
band is insulating even if partially filled, in contrast to a
dispersive band.
Interactions can have the effect of enabling transport,
for example an attractive interaction of the Hubbard type
can induce a nonzero superfluid weight in a flat band
which is proportional to the interaction strength [3–5].
As shown in Ref. [6] and also in a recent work by the some
of the authors [5], interactions can lead to the formation
of two-body bound states with finite effective mass out
of two bare particles, which have infinite effective mass
due to the band flatness. The finite effective mass of the
bound pairs is proportional to the interaction strength
and to the overlap between the Wannier functions of the
flat band. This overlap is measured by a band structure
invariant, the quantum metric [5]. The formation of such
mobile pairs is the mechanism at the root of the finite
superfluid weight in a flat band.
Interest in flat band superfluidity has arisen from the
prediction, based on Bardeen-Cooper-Schrieffer (BCS)
theory, that the critical temperature is dramatically en-
hanced in a flat band [7, 8]. However it is unclear to
what extent BCS theory can be applied in the case of
 
FIG. 1. Illustration of the ring geometry considered in this
work using the example of the Creutz ladder introduced be-
low, see Fig. 2a. The twist in the boundary condition along
the non-contractible loop is controlled by the magnetic flux
Φ threading the ring. Even if the magnetic field is strictly
zero in the region of the lattice, the magnetic flux can af-
fect the physical properties in the ring, in particular induce
a persistent ground state current, a phenomenon known as
the Aharonov-Bohm effect. In this work we are interested in
the periodicity of the ground state energy E0(Φ) as a func-
tion of the magnetic flux, as a tool to probe the nature of the
charge carriers of the persistent current, in particular if they
are single particles, or composite objects (Cooper pairs).
flat bands which are often not amenable to a mean-field
treatment (see however Ref. [5]). A crucial step towards
a better estimate of the critical temperature is a better
understanding of the nature of the excitations above the
ground state in a flat band superfluid. In the case of a
flat band superfluid the normal state above the critical
temperature is expected not to be a Landau-Fermi liquid,
which is characterized by long-lived fermionic quasiparti-
cle excitations. Indeed by adiabatically switching off the
interparticle interaction the system becomes an insulator
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2rather than a noninteracting Fermi gas with a well de-
fined Fermi surface, and this precludes the usual Landau-
Fermi liquid scenario [9]. In this work we substantiate
this expectation by showing rigorously that in selected
lattice models with flat bands the only charge carriers
are bosonic two-body bound states, which are responsi-
ble for any kind of transport (dissipative and superfluid),
while fermionic single quasiparticles remain localized as
in the absence of interactions. Morever we show both
numerically and analytically that the composite nature
of the charge carriers manifests in the Aharonov-Bohm
effect.
The Aharonov-Bohm effect [10–12] is an exquisite
quantum mechanical phenomenon where a quantum par-
ticle propagating coherently along a ring is sensitive to
the magnetic flux threading the ring even if the magnetic
field and thus the classical force acting on the particle is
locally zero. An example of such a ring geometry for one
of the lattice models considered in this work is shown
in Fig. 1. In particular for nonzero magnetic flux time-
reversal symmetry is broken and the ground state of the
particle possesses a nonzero persistent current. The cur-
rent is a periodic function of the magnetic flux with pe-
riod given by the flux quantum Φ0 = hc/e (in Gaussian
units), where e is the electron charge. Persistent currents
have been observed in mesoscopic metallic rings [13–17];
see Ref. [18] for a review on the subject. The periodicity
of the persistent current as a function of the magnetic
flux provides important information regarding the na-
ture of the charge carriers. Indeed the observation that
in superconducting loops the flux is quantized in units of
Φ0/2 = hc/(2e) (the superconducting flux quantum) is a
clear-cut confirmation of BCS theory, which regards the
condensation of bound pairs of electrons (Cooper pairs)
as the origin of superconductivity [19, 20]. In frustrated
Josephson junction arrays a supercurrent with period
Φ0/4 has been measured, indicating that pairs of Cooper
pairs (bound states with charge 4e) are responsible for
transport [21, 22].
Here we use the Aharonov-Bohm effect as a tool for
probing the nature of the charge carriers in lattices with
flat bands. To this end we compute numerically, using
density matrix renormalization group (DMRG) and ex-
act diagonalization (ED), the ground state energy as a
function of the magnetic flux E0(Φ) in a ring geome-
try as in Fig. 1. We consider models whose entire band
structure is composed of flat bands, the dice lattice an-
alyzed by Vidal et al. [2], the one dimensional Creutz
ladder [5, 23–25] and the diamond chain [6, 26]. In the
numerical calculations we add the attractive Hubbard in-
teraction to the noninteracting lattice Hamiltonian. In
the case of the attractive Hubbard interaction it has been
established that the ground state is superfluid if the par-
tially filled flat band has nonzero quantum metric [3–
5, 27, 28]. All the bands of the lattice models consid-
ered in this work satisfy this condition. This implies that
[E0(Φ)−E0(0)]·L2−d scales to a non-constant function in
the thermodynamic limit L → +∞ (L is the linear size
of the system and d = 1, 2, 3 the dimensionality). We
often find that the ground state energy as a function of
flux has a half-flux quantum (Φ0/2) periodicity, namely
E0(Φ) = E0(Φ + Φ0/2) within numerical accuracy, indi-
cating that the charge carriers are bound states of charge
2e. We show explicitly that when the bands are not flat
this is not true anymore in general and the energy is sim-
ply Φ0-periodic as required by gauge invariance, but not
Φ0/2-periodic.
The numerical results are confirmed by analytical ar-
guments for some one dimensional lattice Hamiltoni-
ans. Specifically, we construct a unitary transformation
Uˆ that intertwines the many-body Hamiltonians whose
magnetic fluxes differ by Φ0/2, namely
UˆHˆ(Φ)Uˆ† = Hˆ(Φ + Φ0/2) . (1)
Since the operators Hˆ(Φ) and Hˆ(Φ+Φ0/2) are related by
a similarity transformation Uˆ they have the same spec-
trum, in particular the ground state energy is the same
E0(Φ) = E0(Φ+Φ0/2). This analytical argument is very
powerful since it is valid for both bosons and fermions
and for general interaction terms that preserve certain
symmetries of the lattice, as explained in the following.
It is independent of the sign of the interaction and shows
that the entire spectrum of the Hamiltonian has the same
periodicity, implying that the Φ0/2-periodicity should be
present in all observable quantities also at finite temper-
atures, the most important being the persistent current.
We find that the unitary transformation Uˆ is local and
its translation by an arbitrary number of unit cells is
an equivalent but distinct transformation Uˆ ′. There-
fore their product Uˆ Uˆ ′ is a nontrivial symmetry of the
Hamiltonian since Hˆ(Φ) and Hˆ(Φ + Φ0) are physically
equivalent. In fact there is an extensive number of such
symmetry operators. Physically these conserved quanti-
ties are associated to the occupation of Wannier states
by unpaired particles and imply that the single-particle
propagator is vanishing beyond a finite range. Thus, at
least in one dimension, we can conclude that unpaired
particles in flat bands remain localized even in the pres-
ence of interactions. We recover in this alternative way
the local Z2 symmetries of the Bose-Hubbard model on
the diamond chain, first found in Ref. [26]. For all the
other lattices considered here, the existence of an exten-
sive number of local symmetries is a new result.
Our analytical arguments in one dimension cannot be
extended straightforwardly to higher dimensions, for ex-
ample to the 2D dice lattice. However, for this lattice we
find numerically almost the same behavior as in one di-
mension. This is a hint that charge transport in systems
with flat bands is generally dominated by preformed pairs
even above the critical temperature of the transition to a
superfluid state. Our results represent an essential start-
ing point on the way to reach more general conclusions in
this sense. Moreover, our rigorous analytical arguments
for specific models can be used as a benchmark for ap-
proximate methods designed to capture the properties
3of systems with such preformed pairs, in particular un-
conventional superconductors [29–31]. As it is discussed
in Sec. VI, our results are experimentally relevant also
for ultracold gases in optical lattices and artificially en-
gineered lattices in the solid state context.
The work is organized as follows. In Sec. II the specific
lattice Hamiltonians studied in this work are introduced
along with some essential notation. In Sec. III we re-
view the concept of twisted boundary condition in some
detail, in particular in the case of lattice Hamiltonians
with complex orbital structure (multiorbital/multiband
lattice Hamiltonians). In Sec. IV the original numerical
results are presented. We focus on the ground state en-
ergy E0(Φ) as a function of the magnetic flux through
the ring (see Fig. 1) and study its periodicity in interact-
ing lattice Hamiltonians. In Sec. V A we introduce the
intertwining operators Uˆ which rigorously prove that the
spectrum of an interacting Hamiltonian is Φ0/2-periodic
according to Eq. (1) and explain how they are associ-
ated to local graph automorphism of the lattice. This
method can be applied to the Creutz ladder, the dia-
mond chain and to the one-dimensional reduction of the
dice lattice for some special values of the hopping ma-
trix elements. In Sec. V B the intertwining operators are
used to construct an extensive number of local and mu-
tually commuting conserved quantities. In Sec. V C we
interpret these conserved quantities as the parity of the
occupation number of Wannier functions with support on
a finite number of lattice sites. In Sec. V D we show that
the operators encoding the conserved quantities commute
also with the Hamiltonian projected on the many-body
subspace of a chosen flat band, and using this fact we
explain some features of the effective low energy theory
of the Creutz ladder first pointed out in our previous
work [5]. The detailed description of the lattice mod-
els is provided in the appendices, along with some useful
results relevant to the main text.
In the following we set ~ = e = c = 1, which means
that the flux quantum is Φ0 = 2pi in our units.
II. LATTICE HAMILTONIANS
We consider several lattice models with a com-
mon feature: the band structure of the noninteracting
(quadratic) Hamiltonian is composed only of perfectly
flat bands. The noninteracting part of the various many-
body Hamiltonians takes the generic form
Hˆ0 =
∑
i,j
cˆ†iK(i− j)cˆj =
∑
k
cˆ†kK˜(k)cˆk . (2)
Since all the lattices considered here have more than
one orbital per unit cell (Norb > 1), we denote by
cˆi = (cˆi,1, cˆi,2, . . . , cˆi,α=Norb)
T the vector of fermionic or
bosonic annihilation operators relative to all the orbitals
in unit cell i. The orbitals within a unit cell are la-
belled by Greek letters α, β = 1, 2, . . . , Norb, while multi-
indices i = (i1, i2, . . . , id) ∈ Zd are used to label the
unit cells of the lattice. We consider only one dimen-
sional d = 1 and two dimensional d = 2 lattices in this
work. To each unit cell is associated a unique lattice vec-
tor ri = i1a1 + i2a2 + . . . + idad of the Bravais lattice.
Here aj=1,2,...,d are the fundamental lattice vectors of the
Bravais lattice. The hopping matrix elements of the lat-
tice are encoded in the matrix K(i − j) = [K(j − i)]† (a
Norb × Norb matrix for fixed argument), which depends
only on the difference i−j, reflecting the discrete transla-
tional invariance of the lattice. It is useful to present the
noninteracting Hamiltonian using the hopping matrix in
momentum space K˜(k) = [K˜(k)]† =
∑
j e
−ik·rjK(j), as
on the right-hand side of Eq. (2). The field operators
in momentum space cˆk = (cˆk,1, cˆk,2, . . . , cˆk,α=Norb)
T are
defined by the expansion cˆi =
1√
Nc
∑
k e
ik·ri cˆk. Here
Nc is the total number of unit cells in a finite lattice.
The total number of lattice sites is then Nsites = NcNorb.
The k-dependent Norb × Norb matrices K˜(k) for all the
lattice models considered in this work are provided in
Appendix A.
The simplest model studied here is the Creutz ladder,
which we have considered in our previous works [5, 24].
The Creutz ladder is shown in Fig. 2a. It is the sim-
plest lattice with a completely flat spectrum, in fact a
lattice with Norb = 1 and whose single band is perfectly
flat corresponds to the case K(i − j) = 0, a trivial lat-
tice of uncoupled sites. The Creutz ladder realizes the
first nontrivial case (Norb = 2) of a lattice model with a
completely flat band structure.
We use here a representation of the Creutz ladder
where time-reversal symmetry is manifest, that is all the
hopping matrix elements [the matrix elements of K(i−j)]
are real (see Fig. 2). This representation is related to
the one used in other works [5, 23–25] by a gauge trans-
formation. In this work we call a gauge tranformation
a canonical transformation of the field operators of the
form
cˆiα → cˆiαeiφ(i,α) . (3)
The phase φ(i, α) is an arbitrary function of the unit cell
index i and of the orbital index α. This transformation
changes the hopping matrix elements K(i − j) but does
not affect any physical property.
The 2D dice lattice [2, 32] is shown in Fig. 2b. The
modulation of the phase of the hopping matrix elements,
as shown in Fig. 2b, corresponds to a uniform perpendic-
ular magnetic field with flux commensurate to the lattice,
equal to half-flux quantum for each elementary rhom-
bus. Our convention for the magnetic unit cell is also
shown in Fig. 2b. By performing the Fourier transform
of K˜(k) only with respect to k · a1 = k1 (see Eq. (A5)
in Appendix A 2), one obtains a family of one dimen-
sional lattices parametrized by a continuous parameter
k2 ∈ (−pi, pi], shown in Fig. 2c. We call these the one
dimensional reductions of the 2D dice lattice, or 1D dice
lattices for brevity.
By eliminating sites α = 4, 5, 6 of the 2D dice lattice
one is left with decoupled 1D lattices all identical to the
4FIG. 2. Lattice structure and labelling conventions for the (a)
Creutz ladder, 2D (b) and 1D (c) dice lattices and diamond
chain (d). The green rectangles are the (magnetic) unit cell.
The black lines correspond to hopping matrix elements with
amplitude t > 0, while the red lines have opposite amplitude.
In the 1D dice lattice (c) the sense of the complex hopping
matrix elements (grey lines) is indicated by an arrow.
diamond chain of Ref. [26], shown in Fig. 2d. A more
general version of the 2D dice lattice with completely
flat spectrum is presented in Appendix A 2. Using this
general model it is possible to continuously interpolate
between the 2D dice lattice and the diamond chain.
All of these noninteracting lattice Hamiltonians have a
band structure composed only of completely flat bands.
In Appendix B we provide particularly convenient bases
for the degenerate subspaces of the various flat bands.
These bases are composed of Wannier functions which
are localized only on a finite number of unit cells, that
is they are compactly localized. These compactly local-
ized Wannier functions are important for our purposes
since they are associated to the conserved quantities to
be presented in Sec V B.
III. TWISTED BOUNDARY CONDITIONS
In this work we focus on the change of the ground state
energy E0(Φ) with the magnetic flux Φ in a ring geom-
etry, as in Fig. 1. The magnetic flux is equivalent to
a twist in the boundary conditions. In the following it
is explained how twisted boundary conditions are intro-
duced in a general multiorbital lattice Hamiltonian. The
case of a two dimensional lattice is considered for defi-
niteness. The same procedure is illustrated in Fig. 3 for a
one dimensional chain. The starting point is a finite-size
lattice with Born-von Ka´rma´n periodic boundary condi-
tions. This is obtained from Eq. (2) by identifying the
unit cell labels i, and the field operators cˆi, that differ by
FIG. 3. Illustration of flux insertion by folding in a one
dimensional system. Each circle represents a unit cell and
cˆj = (cˆj,α=1, . . . , cˆj,α=Norb)
T is the associated vector of field
operators. The infinite lattice in a) represents a quadratic
Hamiltonian defined by hopping matrix elements K(j) (2).
The black lines represent the nearest neighbour hopping ma-
trix elements K(1) (and their Hermitian conjugates K(−1))
as indicated by the color code at the bottom of the figure. b)
After the gauge transformation (6) the hopping terms acquire
a phase (5). The modified hopping terms are indicated by red
lines. The gauge transformation leaves the Hamiltonian in a
translational invariant form and does not affect the system
properties. c) By identifying unit cells (4) one obtains a fi-
nite system of size N . The flux Φ = Nqa through the ring
does affect the physical properties, for example the ground
state current along the ring. d) By performing the inverse of
the gauge transformation in step a-b one obtains an equiv-
alent Hamiltonian where only the hopping terms connecting
unit cells j = 0 and j = N − 1 acquire a phase (represented
by the green line). The presence of the magnetic flux Φ is
equivalent to twisted boundary conditions in this case.
integer multiples of N1eˆ1 and N2eˆ2, where eˆ1 = (1, 0)
T
and eˆ2 = (0, 1)
T are unit vectors and the positive integers
N1, N2 fix the linear sizes of the system along the two
independent directions of the Bravais lattice. In other
words
cˆi ≡ cˆj if i− j = m1N1eˆ1 +m2N2eˆ2 (4)
with m1,m2 ∈ Z. Then the Hamiltonian of the finite
system reads Hˆ0 =
∑
(i,j) cˆ
†
iKfinite(i, j)cˆj where the sum∑
(i,j) runs over each inequivalent pair only once. The
hopping matrix Kfinite(i, j) in the finite system is equal
to the hopping matrix in the infinite system K(i − j +
m1N1eˆ1+m2N2eˆ2) for the only pair of values m1,m2 ∈ Z
for which it is nonzero. This assumes that the range of
K(i− j) is less than the size of the system as in the case
of the Hamiltonians considered in this work since only
K(0), K(±eˆ1), K(±eˆ2) are nonzero.
5We call this procedure folding and the result is a finite-
size lattice with the topology of a torus in 2D, or ring
in 1D, see Fig. 3b-c. It is possible to introduce mag-
netic fluxes threading the two noncontractible loops of
the torus by first modifying the hopping matrix elements
in the infinite lattice as follows (see Fig. 3a-b)
K(i− j)→ K(i− j)e−iq·(ri−rj) (5)
which corresponds to a gauge transformation
cˆiα → cˆiαeiq·ri , (6)
and then folding the infinite lattice as explained above.
Even if Eq. (6) is a gauge transformation in the infinite
system, after the folding one obtains a family of phys-
ically distinct finite-size systems (Fig. 3c). Indeed the
magnetic flux threading the non-contractible loops along
the a1 direction is Φ1 = N1a1 · q. Similarly, for the
non-contractible loops along direction a2 the magnetic
flux is Φ2 = N2a2 · q. On the other hand the mag-
netic flux through all contractible loops is unaffected by
the transformation (5). The family of physically distinct
finite-size 2D Hamiltonians Hˆ0(Φ1,Φ2) is parameterized
by the magnetic fluxes Φ1, Φ2 ∈ (−pi, pi]. In a lattice the
magnetic flux is defined modulo Φ0 = 2pi in our units,
since the shift Φ → Φ + 2pi can always be implemented
by a gauge transformation.
The flux-insertion transformation obtained from
Eq. (6) and the subsequent folding of the infinite lattice
has the advantage of explicitly preserving the transla-
tional symmetry of the lattice Hamiltonian. By perform-
ing a gauge transformation which breaks translational
invariance in the finite system (after folding) it is pos-
sible to localize the flux-insertion transformation, that
is only the hoppings that cross a specified boundary are
modified with respect to the zero flux case. A possible
gauge transformation of this kind is simply the inverse
of Eq. (6), namely cˆiα → cˆiαe−iq·ri (see Fig. 3c-d). As
a result the hopping terms that cross the boundary be-
tween unit cells labelled by (N1−1, j) and those labelled
by (N1, j) ≡ (0, j) in the finite system are modified in
the local flux-insertion transformation, for example
tcˆ†0,αcˆ(N1−1)eˆ1,β → tcˆ†0,αcˆ(N1−1)eˆ1,βe−iΦ1 . (7)
The same occurs to the terms crossing the boundary be-
tween unit cells (j,N2) ≡ (j, 0) and (j,N2 − 1), for ex-
ample
tcˆ†0,αcˆ(N2−1)eˆ2,β → tcˆ†0,αcˆ(N2−1)eˆ2,βe−iΦ2 . (8)
All the hopping terms that do not cross the two bound-
aries are unaffected by the local flux-insertion transfor-
mation. Therefore Eqs. (7)-(8) correspond to a twist of
the boundary conditions, as shown in Fig. 3d. It is the
local form of the flux-insertion transformation that will
be most useful in the following. From the point of view of
physical properties the two possibilities, shown in Fig. 3c
and 3d, are completely equivalent.
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FIG. 4. Drude weight of the Creutz ladder from DMRG and
comparison to the exact result of Eq. (12) in the isolated flat
band limit |U |  Eg (straight line) for two different fillings of
the lowest band (ν = 1/4, 1/2). The blue dots represent the
extrapolation to the thermodynamic limit of DMRG results
for finite size Creutz ladders with periodic boundary condi-
tions.
A change in the ground state energy E0(Φi) as a func-
tion of the magnetic flux signals the presence of a per-
sistent current flowing along the corresponding noncon-
tractible loop, or equivalently the presence of propagating
states that extend throughout the whole system. Indeed
the response of the system to a change in the boundary
conditions is the most fundamental way to discriminate
between conductive and insulating states of matter [33].
For small values of the magnetic flux the current in-
tensity is measured by the phase stiffness [34], also called
superfluid or Drude weight Ds [35, 36]. Technically the
superfluid weight and Drude weight are distinct quanti-
ties, but they coincide at zero temperature. This distinc-
tion is not important for what follows. The superfluid
weight tensor is obtained from the general result
[Ds]i,j =
1
V ~2
∂2Ω
∂qi∂qj
∣∣∣∣
q=0
, (9)
where Ω is the thermodynamic grand potential and V the
volume (or area or length) of the system. The wavevector
q has been introduced in Eq. (5) and (6). At zero tem-
perature the derivative on the right hand side is equal to
the derivative of the ground state energy
∂2Ω
∂qi∂qj
∣∣∣∣
q=0,T=0
=
∂2E0(Φi)
∂qi∂qj
∣∣∣∣
q=0
. (10)
The superfluid weight of an isolated flat band with an
attractive (U < 0) Hubbard interaction
Hˆint = U
∑
iα
cˆ†iα↑cˆiα↑cˆ
†
iα↓cˆiα↓ (11)
has been calculated analytically in a previous work by
some of the authors [3]
[Ds]i,j =
4nφ|U |ν(1− ν)
(2pi)d~2
∫
B.Z.
ddkReBij(k) . (12)
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FIG. 5. Energy difference E0(Φ)−E0(0) as a function of the
magnetic flux for the Creutz ladder with spin-1/2 fermions
and Hubbard interaction. These numerical data have been ob-
tained using DMRG with periodic boundary conditions. Top
panel : the hopping matrix elements are as in Fig. 2a, corre-
sponding to the perfectly flat band structure (t1 = t2 = t in
the notation of Appendix A 1). The interaction strength is
U = −t < 0 and Nc = 8, N↑ = N↓ = 4. Both the ground
state energy (blue dots) and the first excited state energy
(orange dots) are plotted. Note the level crossing which en-
sures the pi-periodic behavior of the energy. Bottom panel:
the value of the hopping matrix elements has been changed
to lift band flatness (t1 = t and t2 = 0.6t, in the notation of
Appendix A 1). As a consequence, E0(Φ)−E0(0) is only 2pi-
periodic, but not pi-periodic. For this plot U = −t, Nc = 10,
N↑ = N↓ = 5.
Here ν is the flat band filling, n−1φ the number of or-
bitals on which the flat band wavefunction is nonvan-
ishing, while the Quantum Geometric Tensor Bij(k) is
defined by
Bij(k) = 2 〈∂kig(k)|
(
1− |g(k)〉 〈g(k)| ) ∣∣∂kjg(k)〉 , (13)
with |g(k)〉 the periodic Bloch functions of the flat band.
The periodic Bloch functions are defined in Sec. V C. The
real part ReBij(k) of the Quantum Geometric Tensor
which enters in Eq. (12) is known as the quantum metric.
For details on the result (12)-(13) see Refs. [3, 5, 27, 28].
We use DMRG to obtain the ground state energy as a
function of the magnetic flux E0(Φ) for the Creutz lad-
der with twisted boundary conditions. Our DMRG sim-
ulations are performed with the ALPS libraries [37, 38].
By fitting a quadratic function for small values of Φ we
obtain a numerical estimate of the Drude weight which
compares very well with Eq. (12) for |U | . 4t = Eg,
as shown in Fig. 4 for two distinct values of the filling
(ν = 1/4, 1/2). The data points shown in Fig. 4 are ob-
tained by finite size scaling of the Drude weight of Creutz
ladders with different number of unit cells. Eq. (12) can
be understood as a first order perturbative result where
the expansion parameter is the interaction strength over
the band gap |U |/Eg [5], therefore it is exact in the iso-
lated flat band limit. The first order result is accurate
in a remarkably large range of values of U . A simi-
lar finite size scaling analysis confirming the validity of
Eq. (12) has been performed also in a recent independent
work [39].
The results of Fig. 4 serve as a benchmark of our
DMRG simulations known to be more difficult in the
case of periodic boundary conditions with respect to open
ones [40]. In the following we focus on the behavior of
E0(Φ) for large values of Φ rather than on the Drude
weight. Moreover, we consider the case of the attrac-
tive Hubbard interaction for spin-1/2 fermions (11) in
our numerical simulations, thus Eq. (12) applies to the
lattice models in Fig. 2 which are time-reversal invariant,
namely those with purely real hopping matrix elements.
All of the bands of such lattice models have a nonzero
quantum metric which means that the ground state has
nonzero Drude/superfluid weight and the system is con-
ductive in the presence of interactions. This result is
important for what follows.
IV. NUMERICAL RESULTS
It is evident, for example from Eq. (7)-(8), that the
energy as a function of the magnetic flux is a 2pi-periodic
function E0(Φ) = E0(Φ + 2pi). In our units, where the
magnetic flux is Φ0 = hc/e = 2pi, this signals that the
current carriers are have charge e, that is they are sin-
gle quasiparticles. In fact for a lattice Hamiltonian with
completely flat spectrum the energy is independent of
the magnetic flux in absence of interactions. This is
intuitively clear as in a flat band the group velocity is
vanishing and steady state transport is not possible at
all in absence of interactions, even at finite temperature.
This is not the case for time-dependent transport [41].
Another general property of the energy is to be an even
function of flux E0(Φ) = E0(−Φ) in the presence of time-
reversal symmetry.
Instead the energy E0(Φ) being a pi-periodic function
of the flux E0(Φ) = E0(Φ + pi) is an indication that the
persistent ground state current is the result of the mo-
tion of composite particles with charge 2e, that is Cooper
pairs. The first main result of this work is that quite
generally the ground state energy is a pi-periodic func-
tion of the flux in the presence of interactions if the hop-
ping parameters are tuned to realize a perfectly flat band
structure. We systematically observe this behavior in the
lattice models of Fig. 2.
In the following we present numerical results for spin-
71/2 fermions with Hamiltonians of the form
Hˆ(Φi) = Hˆ0,↑(Φi) + Hˆ0,↓(Φi) + Hˆint . (14)
The noninteracting part of the Hamiltonian Hˆ is com-
posed of two identical copies Hˆ0,σ=↑,↓ of one of the lattice
models shown in Fig. 2, one copy for each component of
the spin. The field operators are then labelled also by a
spin index σ (cˆiα → cˆiασ in Eq. (2)). The magnetic fluxes
Φi=1,2 enter in the boundary conditions of the noninter-
acting term as explained in Sec. III. The interaction term
is the Hubbard interaction of Eq. (11).
All lattice models in Fig. 2 are time-reversal invariant
with the exception of the 1D dice lattice for k2 6= 0, pi.
For such models Eq. (12) and (13) imply that E0(Φ) is
not constant as a function of magnetic flux for U < 0,
indicating a conductive ground state. A non-constant
ground state energy as a function of magnetic flux is in-
deed what we observe in our numerical results. Our pre-
vious results on the superfluid weight of lattice models
with flat bands guarantee that the system is superfluid
in the thermodynamic limit [3–5, 27, 28].
Whereas we consider only spin-1/2 fermions with the
attractive Hubbard interaction in our numerical simula-
tions, a case particularly relevant for solid state systems
and current ultracold gas experiments, the analytical re-
sults presented here are generic for a large class of inter-
action terms and also for bosonic particles, as explained
in Sec. V.
A. Creutz ladder and diamond chain
We first present numerical results for the Creutz ladder
obtained using DMRG, as in Fig. 4. In the top panel of
Fig. 5 the ground state energy E0(Φ)−E0(0) is plotted as
a function of Φ ∈ [0, 2pi] for U = −t < 0. In the presence
of a finite interaction the function E0(Φ) is not constant,
signalling that a persistent current is present in the ring
for general twisted boundary conditions. The most im-
portant observation is that the energy difference is zero
within numerical accuracy if Φ = pi, when the noninter-
acting Hamiltonian Hˆ0 has a completely flat spectrum,
as anticipated. On the other hand, if the bands are not
flat as in the bottom panel of Fig. 5 the pi-periodicity is
lost. This is a strong evidence that single-particle trans-
port cannot occur at all if the bands are completely flat
even in the presence of interactions. The energy of the
first excited state E1(Φ)−E0(0) is also plotted in the top
panel of Fig. 5, showing that the pi-periodic behavior is
a consequence of the level crossing between the ground
state and the first excited state.
The pi-periodicity of the ground state energy shown in
Fig. 5 is a robust phenomenon which does not depend on
the interaction strength and also on the spin imbalance.
Indeed, in Fig. 6 the energy difference E0(Φ) − E0(0) is
shown for several values of Φ = pi/4, pi/2, 3pi/4, pi as a
function of U . We see that E0(Φ = pi) − E0(0) = 0
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FIG. 6. Energy difference [E0(Φ)−E0(0)]/t for several values
of the magnetic flux Φ as a function of the interaction strength
U in the Creutz ladder with perfectly flat bands, the same
model considered in the top panel of Fig. 5. In the top panel
the length of the Creutz ladder is Nc = 10 and the number of
particles is N↑ = N↓ = 5 (spin balanced case); bottom panel
Nc = 10, N↑ = 6, N↓ = 5 (spin imbalanced case).
independently of the value of U and the number of spin-
up and spin-down particles N↑, N↓. This is particularly
striking for the spin imbalanced case shown in the bot-
tom panel of Fig. 6. In the case of spin imbalance one
would expect that unpaired particles are present in the
system and their motion would be reflected in the lifting
of the pi-periodicity of the ground state energy. Accord-
ing to the results of Fig. 6, this does not happen and one
may conclude that the unpaired particles remain local-
ized even in the presence of interactions. This picture is
correct as shown rigorously in Sec. V.
However, there are important differences between the
cases with or without spin imbalance. One difference is
that when Φ 6= Φ0/2 the energy difference grows lin-
early in the spin balanced case (top panel in Fig. 6) for
small |U | (|E0(Φ) − E0(0)| ∝ |U |), while the grow is
quadratic in the spin imbalanced case (bottom panel).
In fact from the analysis in our previous work [5] we
expect |E0(Φ) − E0(0)| ∝ U2/Eg, meaning that trans-
port in the imbalance case can occur only through in-
terband coupling induced by the interaction term, since
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FIG. 7. Ground state energy as a function of magnetic flux
for the 1D dice lattice of Fig. 2c. These numerical results
have been obtained on a cluster of Nc = 6 unit cells. In all
four plots U = −t < 0, εh = 0 (see Appendix A 2), N↑ = 3,
N↓ = 2, while the value of the parameter k2 (see Fig. 2c) is
varied as indicated above each plot. Notice the breaking of
pi-periodicity for k2 = pi/4, pi/2 in the bottom panels, which
does not occur for k2 = 0, pi as shown in the upper panels.
the unpaired particles completely suppress transport at
first order in U , that is at the level of the Hamiltonian
projected on the lowest band. This point is discussed ex-
tensively in Sec. V D. This is also reflected in the fact that
|E0(Φ)−E0(0)| is smaller in the case of spin imbalance.
Fig. 6 shows that the energy is an even function also
with Φ = pi/2 as center of inversion E0(pi/2 + Φ) =
E0(pi/2 − Φ). We have observed also in other numeri-
cal results not shown here that E0(pi/2) ≥ E0(0) if the
total particle number is even, while the opposite occurs if
the total particle number is odd, as shown in the bottom
panel of Fig. 6. This means that the true ground state
of the system would correspond to nonzero magnetic flux
Φ = pi/2 for odd particle number, if the magnetic field
were a dynamical degree of freedom and not a fixed ex-
ternal field as in our case.
For the diamond chain the numerical results are qual-
itatively the same as for the Creutz ladder, that is for
a perfectly flat band structure the ground state energy
is pi-periodic within numerical accuracy regardless of the
interaction strength and the spin imbalance. Therefore
we do not present here numerical results for the diamond
chain. For both the Creutz ladder and the diamond chain
we provide in Sec. V rigorous analytical arguments which
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FIG. 8. Energy difference E0(Φ1) − E0(0) in the 2D dice
lattice of Fig. 2b with εh = 0 (see Appendix A 2) as a function
of U for various values of the magnetic flux Φ1. In the top
panel ED results are shown for a cluster of size 6×2 (N1×N2)
in the spin balanced case (N↑ = N↓ = 2). In the bottom
panel results are shown for the spin imbalanced case (N↑ =
3 , N↓ = 2) and cluster size 4×2. Note the small breaking of pi-
periodicity E0(Φ1 = pi) 6= E0(Φ1 = 0) in the spin imbalanced
case.
explain these observations.
B. Dice lattice
The previous analysis can be performed for the dice
lattice as well. We consider first the one dimensional re-
duction of the dice lattice presented in Fig. 2c. In Fig. 7
we provide numerical results for the 1D dice lattice ob-
tained with ED on a cluster composed of Nc = 6 unit
cells. For ED we use a code which takes advantage of
Graphical Processing Units [42]. We consider from the
outset the spin imbalanced case, that is N↑ = 3 and
N↓ = 2. In the 1D dice lattice there is a free parame-
ter, the phase factor eik2 in Fig. 2c, that can be changed
without lifting the perfect flatness of the band structure.
In fact it is possible to introduce more parameters with
the same property, as explained in Appendix A 2, but
for our purposes the model shown in Fig. 2c is general
9enough.
In the spin balanced case the energy is always a pi-
periodic function of the magnetic flux for all values k2
considered in our numerical simulations, as in the two
lattice models analyzed previously in Sec. IV A. For this
reason no numerical results in the case N↑ = N↓ for the
1D dice lattice are shown here. On the other hand in
the spin imbalanced case one observes a breaking of the
pi-periodicity of the ground state energy when k2 6= 0, pi,
see the two bottom plots in Fig. 7. This does not oc-
cur for the two special values k2 = 0, pi for which the
ground state energy is pi-periodic within numerical accu-
racy. Precisely for these two special values we are able to
provide an exact analytical argument in the same way as
for the Creutz ladder and the diamond chain. This ar-
gument is explained in Sec. V and shows for the 1D dice
lattice with k2 = 0, pi that the ground state energy is
exactly pi-periodic regardless of spin imbalance. On the
other hand we have not been able to provide a similar
argument for generic values of k2. In fact Fig. 7 shows
that, if such argument exists, it must take into account
spin imbalance. Whether the methods used in Sec. V can
be extended in this direction is an open question.
Instead of providing numerical results analogous to
Fig. 6 also for the 1D dice lattice, we consider the 2D
dice lattice, where the behavior is substantially the same.
The 1D dice lattice Hamiltonian is time reversal invari-
ant precisely when k2 = 0, pi since all the hopping matrix
elements are real, while it is not time-reversal invariant
for generic values of k2 if the noninteracting part of the
Hamiltonian is the same for both spin components. One
may restore time-reversal invariance by taking Hˆ0,↓ to be
the time-reversal conjugate of Hˆ0,↑ for Φi = 0 in Eq. (14).
However we have chosen not to do so in this work. In-
deed, the ED results of Fig. 8 for the 2D dice lattice of
Fig. 2b show that the breaking of pi-periodicity can occur
even when the Hamiltonian is time-reversal invariant in
the above sense. Also for the 2D dice lattice the ground
state energy is always pi-periodic in the spin balanced
case, while it is not so in the presence of spin imbalance,
as for the 1D dice lattice. From Fig. 8 it is apparent that
the nonzero splitting E0(Φ1 = pi)−E0(Φ1 = 0) in the spin
imbalanced case is not linear in the coupling U (compare
with the data for Φ1 6= pi). Indeed, it is shown by the fit
in Fig. 9 that E0(Φ1 = pi) − E0(Φ1 = 0) ∝ Eg(U/Eg)4
for small U , with good accuracy. This clearly indicates
that the breaking of pi-periodicity is not an intrinsic ef-
fect associated to the flat band but rather an effect of the
interband coupling due to interactions. In particular the
many-body Hamiltonian projected on the flat band sub-
space does show pi-periodicity and the breaking thereof
can be recovered only at a rather high order in a per-
turbative expansion in the small parameter |U |/Eg. See
Ref. [5] and Sec. V D for more details on how the pertur-
bative expansion can be carried out in practice. Figs. 7-
8-9 suggest that even in a lattice Hamiltonian with a
completely flat band structure, propagating states for un-
paired quasiparticles can arise as a consequence of inter-
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FIG. 9. Fit of the energy difference E0(Φ1 = pi)−E0(Φ1 = 0)
in the 2D dice lattice. The blue dots correspond to the same
numerical results shown in the bottom panel of Fig. 8 for
Φ1 = pi. The energy difference is proportional to (|U |/Eg)4
for small U indicating that the loss of pi-periodicity is an effect
of interband coupling due to interactions.
band coupling. The exact nature of these quasiparticle
states is an intriguing question which might be the sub-
ject of future investigations. However it would be neces-
sary to first exclude that the splitting |E0(pi)−E0(0)| 6= 0
observed in Fig. 7-8-9 is a finite size effect which vanishes
in the thermodynamic limit.
For small values of the coupling U the interband mix-
ing is negligible and all the dynamics occurs in the flat
band subspace. In this limit we find again evidence that
transport can occur only through the correlated motion
of pairs of particles, while single quasiparticles are local-
ized.
V. ANALYTICAL RESULTS
A. Graph automorphisms and intertwining
operators
In this section we provide a simple analytic argument
rigorously proving that the ground state energy as a func-
tion of magnetic flux E0(Φ) is pi-periodic in the case of the
one dimensional lattices considered here. As anticipated
we explicitly construct the intertwining unitary operator
Uˆ which performs the flux insertion (1). It turns out that
in all cases Uˆ is a canonical tranformation of the field op-
erators and it is associated to symmetries of the lattice
considered as a graph.
It is useful to introduce few standard definitions in
graph theory. A graph G is defined by a set of vertices
V and a set of edges E whose elements are unordered
pairs (v, w) of distinct vertices. Two vertices v, w ∈ V
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are said to be connected, or adjacent, if (v, w) ∈ E. The
lattices shown in Fig. 2 are all examples of graphs, if the
information encoded in the edge color is neglected. The
vertices are the lattice sites. A graph automorphism is a
permutation of the vertices σ : V → V which preserves
the adjacency relations, that is (σ(v), σ(w)) ∈ E if and
only if (v, w) ∈ E. The set of all graph automorphisms
is a group under composition, called the graph automor-
phism group. The graph automorphism group contains
as a subgroup the space group of the lattice, that is the
group of rigid transformations, such as translations and
reflections. However it generally contains also transfor-
mations that do not belong to the space group. These
are precisely the ones we are interested in.
The Creutz ladder and the diamond chain provide the
simplest examples of graph automorphisms that do not
belong to the space group of the lattice. For the Creutz
ladder this is the permutation (i, α = 1) ↔ (i, α = 2) of
the two vertices inside the i-th unit cell. The graph auto-
morphism for the Creutz ladder is illustrated in Fig. 10.
This is a local transformation since it involves only two
lattice sites and there are Nc independent transforma-
tions of this kind in a lattice with Nc unit cells. The
intertwining operators for the Creutz ladder can be con-
structed simply by performing exactly the same permu-
tation on the field operators
Uˆicˆi,1Uˆ†i = cˆi,2 , Uˆicˆi,2Uˆ†i = cˆi,1 , (15)
UˆicˆjαUˆ†i = cˆjα for i 6= j. (16)
It is not necessary to provide a more explicit form for
the unitary operators Uˆi since Eqs. (15)-(16) completely
specify their action on the whole Hilbert space. Any
operator Uˆi performs the flux insertion as required, as
shown in Fig. 10 in a purely graphical manner by keeping
track of the edge colors under the permutation of the sites
of the lattice.
Obviously also the Hubbard interaction term in
Eq. (11) is invariant under the action of the intertwining
operator (15)-(16). In fact, in Eqs. (15)-(16) the spin in-
dex has been suppressed to emphasize that our argument
works for particles with arbitrary spin. In the following
it is understood that all intertwining operators in the
case of spin-1/2 particles are in fact the product of iden-
tical operators for each spin component Uˆi = Uˆi,↑Uˆi,↓,
where Uˆi,σ=↑,↓ are both defined by Eqs. (15)-(16) for the
Creutz ladder or by similar definitions for the other mod-
els, to be presented below. Therefore Eq. (1) is valid for
the full many-body Hamiltonian (14) with an Hubbard
interaction. In fact our argument provides a simple char-
acterization of all the interaction terms Hˆint for which
Eq. (1) holds, which can be much more general that
the Hubbard one (11). In particular our results apply
to the interacting Creutz model with spinless fermions
studied in Ref. [43]. In agreement to our general re-
sults, single particle transport is enabled in this model
only by a term explicitly breaking the orbital symmetry
Vˆimb =
∆ε
2
∑
i(cˆ
†
i,1cˆi,1− cˆ†i,2cˆi,2) (see Eq. (5) in Ref. [43]),
which lifts the band flatness, and is otherwise completely
suppressed even for finite interactions (see for example
Fig. 5 in Ref. [43]). In fact in the case of spinless fermions
one can show that even pair transport and any kind of
transport are completely suppressed if the interaction
term is invariant under Uˆi. This argument will be pro-
vided in Sec. V C.
It is also straightforward to provide the intertwining
operator for the diamond chain (Fig. 2d). The corre-
sponding local graph automorphism is given by the per-
mutation (i, α = 1) ↔ (i, α = 2) for a given unit cell i
and it is shown in Fig. 10 as well. Then the operator Uˆi
is defined by
Uˆicˆi,1Uˆ†i = cˆi,2 , Uˆicˆi,2Uˆ†i = cˆi,1 , (17)
Uˆicˆi,3Uˆ†i = cˆi,3 , (18)
UˆicˆjαUˆ†i = cˆjα for i 6= j. (19)
Again one can graphically check that this intertwining
operator performs the pi-flux insertion (see Fig. 10 right).
Next we provide the intertwining operator for the 1D
dice lattice of Fig. 2c. We consider only the two val-
ues of the parameter k2 = 0, pi for which the Hamil-
tonian is time-reversal invariant. This lattice possesses
two distinct families of local graph automorphisms, one
is (i, 1)↔ (i, 2) and the other is (i, 5)↔ (i, 6). The inter-
twining operator for k2 = 0 performs both permutations
inside a single unit cell i
Uˆicˆi,1Uˆ†i = cˆi,2 , Uˆicˆi,2Uˆ†i = cˆi,1 , (20)
Uˆicˆi,5Uˆ†i = cˆi,6 , Uˆicˆi,6Uˆ†i = cˆi,5 , (21)
Uˆicˆi,3Uˆ†i = cˆi,3 . (22)
Uˆicˆi,4Uˆ†i = −cˆi,4 . (23)
UˆicˆjαUˆ†i = cˆjα for i 6= j. (24)
Eq. (23) alone is just a gauge transformation and strictly
speaking it is not needed. However it is convenient since
after the flux-insertion transformation only the hopping
matrix elements crossing the boundary between unit cells
i− 1 and i are modified, as in Eq. (7) and Fig. 3d.
The flux-insertion transformation for k2 = pi is very
similar, but distinct, since it involves permutations of
sites on two adjacent unit cells
Uˆicˆi−1,5Uˆ†i = −cˆi−1,6 , Uˆicˆi−1,6Uˆ†i = −cˆi−1,5 , (25)
Uˆicˆi−1,αUˆ†i = cˆi−1,α , for α = 1, 2, 3, 4 (26)
Uˆicˆi,1Uˆ†i = cˆi,2 , Uˆicˆi,2Uˆ†i = cˆi,1 , (27)
UˆicˆiαUˆ†i = cˆiα , for α = 3, 4, 5, 6 (28)
UˆicˆjαUˆ†i = cˆjα for i 6= j and i− 1 6= j . (29)
Again this transformation is designed in such a way that
only the hopping matrix elements crossing the boundary
between unit cells i− 1 and i change sign.
Whereas in all the lattices considered so far the inter-
twining operators can be readily constructed from graph
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automorphisms of the lattice, we have not been able to
construct a local intertwining operator for generic values
of k2 6= 0, pi in the 1D dice lattice. However it is possible
to provide an intertwining operator for a 1D dice lattice
with odd length Nc mod 2 = 1 acting simultaneously on
orbitals α = 1, 2, 5, 6 in all unit cells (see Appendix C).
A similar intertwining operator can be constructed for
the Creutz ladder, again only if the length is odd. In the
case of the Creutz ladder the intertwining operator ex-
ists even if the bands are not flat, which implies that the
pi-periodicity of the spectrum can occur even in absence
of a perfectly flat band structure (see Appendix C). This
may seem to cast doubt on our general approach of relat-
ing the periodicity of the Aharonov-Bohm effect to the
charge of the carriers. However, as shown in Fig. 5, the
ground state energy is not pi-periodic in a Creutz ladder
of even length when the bands are not flat, in contrast
to odd length. Moreover, the intertwining operators pre-
sented in Appendix C are not local since they act simul-
taneously on an extensive number of lattice sites and for
this reasons they cannot be used to construct conserved
quantities as explained in Sec. V B. In order to avoid this
even-odd effect, which we regard as accidental for our
purposes, in Figs. 5-9 we have presented numerical re-
sults only for lattices of even length (N1 mod 2 = 0)
along the noncontractible loop through which the mag-
netic flux is varied, that is along direction a1 for the 2D
dice lattice (see Appendix A 2).
The graph automorphism group of the full 2D dice lat-
tice of Fig. 2 coincides with its space group, which means
that there are no local graph automorphisms available to
construct the intertwining operators as in the 1D case.
This intuitive fact can be checked by using one of the
several numerical tools available to calculate the auto-
morphism group of a generic graph. We have used the
codes nauty and traces in this work [44]. As in the
case of the 1D dice lattice for generic k2, we provide for
the 2D dice lattice a nonlocal intertwining operator which
relates the Hamiltonians with Φ1 and Φ1 +pi if the num-
ber of unit cells in the same direction N1 is odd, see
Appendix C.
As remarked in Sec. IV B an intertwining operator can-
not be constructed in the 1D dice lattice for k2 6= 0, pi
and in the 2D dice lattice since we observe a breaking
of pi-periodicity in the spin imbalanced case, as shown
in Fig. 7 and 8. An open question is whether this could
be done only in the case N↑ = N↓, for which we do ob-
serve pi-periodicity in all the lattice Hamiltonians with
completely flat band structure studied here.
B. Conserved quantities
The intertwining operators for the Creutz ladder (15)-
(16), the diamond chain (17)-(19) and the 1D dice lat-
tice for k2 = 0, pi (20)-(29) are local, that is they act
nontrivially only on a small number of unit cells which
is independent of the system size. In fact, one has an
FIG. 10. Intertwining operators and associated conserved
quantities for the Creutz ladder and the diamond chain. The
sign of the hopping matrix elements is encoded in the edge
colors as in Fig. 2. The permutations of the orbitals (graph
automorphisms) associated to the intertwining operators Uˆi
are indicated by blue arrows. In both the Creutz ladder and
the diamond chain, Uˆi performs a permutation of a pair of
field operators inside unit cell i, see Eqs. (15)-(16) for the
Creutz ladder and Eqs. (18)-(19) for the diamond chain. After
applying the operator Uˆi+1 all the hopping terms between
unit cell i and i + 1 take a minus sign, as shown graphically
in the first step in the figure. This operation amounts to the
insertion of a Φ = pi flux through the ring according to Fig. 3d,
namely Uˆi+1Hˆ(Φ = 0)Uˆ†i+1 = Hˆ(Φ = pi). The subsequent
action of Uˆi adds again pi to the total flux through the ring
(second step). A total flux Φ = 2pi is equivalent to zero flux
since Hˆ(Φ = 0) and Hˆ(Φ = 2pi) are related by the gauge
transformation Gˆi (37), as shown in the last step. The gauge
transformation Gˆi multiplies all the field operators inside unit
cell i by −1 (see third row in the figure). Therefore Cˆi =
GˆiUˆiUˆi+1 is a local conserved quantity of the Hamiltonian in
the presence of a large class of interaction terms. The same
graphical approach works also for the 1D dice lattice (Fig. 2c)
with k2 = 0, pi (not shown here).
extensive number of intertwining operators Uˆi in each
case, labelled by i = 1, . . . , Nc. An external perturbation
may break some of these but not all if the perturbation
is local. As long as a single intertwining operator exists
which satisfies Eq. (1) the pi-periodicity property is pre-
served. A physical interpretation of this would be that,
as long as only pairs of particles are allowed to cross even
a small section of the lattice, then all the eigenvalues of
the Hamiltonian are pi-periodic as functions of the mag-
netic flux.
From our perspective the most important consequence
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of locality is the existence of an extensive number of mu-
tually commuting integrals of motion or conserved quan-
tities. These are the product of two distinct intertwining
operators UˆiUˆj . This is a conserved quantity since, by
using repeatedly Eq. (1),
UˆiUˆjHˆ(Φ)Uˆ†j Uˆ†i = UˆiHˆ(Φ+Φ0/2)Uˆ†i = Hˆ(Φ+Φ0) , (30)
and Hˆ(Φ) and Hˆ(Φ+Φ0) are physically equivalent being
related by a gauge transformation. It is convenient to in-
clude this gauge transformation Gˆ in the definition of the
conserved quantities. They are mutually commuting be-
cause also the intertwining operators commute with each
other UˆiUˆj = UˆjUˆi. If i 6= j then UˆiUˆj is different from the
identity, therefore it is a nontrivial local conserved quan-
tity of the many-body Hamiltonian. All of these con-
served quantities can be constructed by a smaller subset
of independent ones of the form UˆiUˆi+1 with i = 1, . . . , Nc
since the intertwining operator is idempotent in all cases
(Uˆ2i = 1). The number of independent conserved quanti-
ties scales with the system size, but is strictly less than
the total number of degrees of freedom in all of the mod-
els considered here. In this sense these Hamiltonians are
all at least partially integrable. The question of whether
they are also fully integrable is an interesting one, but it
will be not addressed here, although we will add a remark
in Sec. V D. The existence of these conserved quantities
can be checked in a purely graphical way, as shown in
Fig. 10 for the Creutz ladder and the diamond chain. A
similar graphical method works also in the case of the 1D
dice lattice for k2 = 0, pi (not shown).
The only model for which these conserved quantities
have been discussed previously in the literature is the di-
amond chain [26]. The fundamental building blocks of
these conserved quantities, the local intertwining opera-
tors on the other hand have not been presented before
in the literature. The approach based on the intertwin-
ing operators has the benefit to significantly enlarge the
scope of the results of Ref. [26]. It is clear that the
conserved quantities are present both for fermions and
bosons since they are implemented by canonical transfor-
mations. In fact, being a simple permutation of the field
operators modulo a gauge transformation, they preserve
also the mixed commutation/anticommutation relations
of hardcore bosons. Therefore they can be useful also
for spin models that can be mapped to hardcore bosons,
for example the quantum Ising model on the diamond
chain studied in Ref. [45]. In this last work local Z2
symmetries are found in the low energy effective Hamil-
tonian obtained perturbatively, but they were not related
to symmetries of the full Hamiltonian, which in fact are
present, as our general argument shows.
The class of interaction terms that allow for these con-
served quantities is rather large and includes all of the
density-density interactions terms that are symmetric un-
der the graph automorphisms used to build the inter-
twining operator. The presence of an extensive number
of local conserved quantities in the case of the Creutz
ladder is a new result. This result is relevant for recent
works on the Creutz ladder [5, 24, 25, 43] where both
bosonic and fermionic Hubbard models have been con-
sidered. We note also that in a recent work by Drescher
and Mielke [46] similar local conserved quantities associ-
ated to graph automorphisms have been found in a lat-
tice Hamiltonian where only some bands are perfectly
flat. In this case the conserved quantities seem not to be
constructed from intertwining operators that perform a
Φ0/2-flux insertion. The application of graph theory con-
cepts to Hubbard models with flat bands also goes back
to Mielke [47–50]. Interestingly, in a recent work [51]
it was shown that the existence of local permutations
commuting with a generic quadratic lattice Hamiltonian
implies that a flat band is present in the band structure.
Again the underlying mathematical theory is borrowed
from (spectral) graph theory.
An important question is the physical interpretation of
these conserved quantities and why they seem to appear
precisely when the noninteracting Hamiltonian has a flat
spectrum. This is the subject of the next section where
the conserved quantities are related to localized single
quasiparticle excitations of the many-body Hamiltonian.
C. Wannier functions and physical interpretation
In this section we interpret the conserved quantities as
the parity of the occupation number of localized single
quasiparticle eigenstates of the many-body Hamiltonian.
These eigenstates are associated to compactly localized
Wannier functions which we now briefly discuss.
Due to the macroscopic degeneracy of a flat band there
are different convenient bases of eigenfunctions that can
be used. For our purposes the basis of Wannier functions
is the most useful. The Wannier functions wn(j) are the
Fourier transform of the Bloch functions gn(k) relative to
a given band labelled by the band index n = 1, . . . , Norb
wn(j) =
Vc
(2pi)d
∫
B.Z.
ddk eik·rjgn(k) . (31)
Here Vc is volume of the unit cell in d = 3, area in d = 2
or length in d = 1 (in the latter case Vc = a with a the
lattice spacing) and the integral is over the Brillouin zone
(B.Z.). Both the Wannier functions and the Bloch func-
tion are vector-valued functions of j and k, respectively,
with Norb components. The components are denoted by
wn(j, α) and gn(k, α). The Bloch functions are eigen-
states with energy εn(k) of the Fourier transform of the
hopping matrix
K˜(k)gn(k) = εn(k)gn(k) . (32)
If the Bloch functions are normalized and orthogonal,
that is if
[gn(k)]
†gn′(k) = δn,n′ , (33)
then the Wannier functions and their translations form
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a complete orthonormal set∑
j
[wn(j− l)]†wn′(j− l′) = δn,n′δl,l′ . (34)
Notice that in case of band degeneracies there is no
unique choice of orthogonal Bloch functions. Even in
absence of band degeneracies the condition (33) does
not completely specify the Bloch function since it allows
for multiplication by an arbitrary phase factor, that is
gn(k) → eiφ(k)gn(k). This transformation leads in gen-
eral to very different Wannier functions, in particular the
smoother the Bloch functions are in momentum space
(as functions of k), the more localized the Wannier func-
tions will be in real space, due to the general properties
of the Fourier transform [1]. Therefore it is generally
convenient to choose the phase factor in such a way that
the Bloch functions are analytic throughout the Brillouin
zone, since this leads to Wannier functions that decay ex-
ponentially at large distances. The Wannier functions are
eigenstates of the single-particle Hamiltonian only if the
band is flat (εn(k) = εn).
An interesting case is when the Wannier functions are
localized (i.e. nonzero) on a finite number of unit cells.
This occurs when the components of the Bloch functions
are polynomials in e±ik·aj , where aj are the fundamental
lattice vectors of the Bravais lattice. It is not known in
general under which conditions a basis of Wannier func-
tions with this property, called in the following compact
Wannier functions, exists for a given band. However if
one is interested just in a complete set of compact Wan-
nier functions, which are not required to be linearly in-
dependent (a less restrictive condition than (34)), a com-
plete answer exists [52]. In one dimension it is always
possible to find compact Wannier functions in this gener-
alized sense (called “compactly supported Wannier-type
functions”in Ref. [52]). In higher dimensions they ex-
ist only if all of the topological invariants characterizing
d ≥ 2 noninteracting topological phases are zero. One
can only allow for nonzero d = 1 topological invariants
along each spatial direction, which characterize so-called
“weak”topological phases. See Ref. [52] for details.
For all the three 1D models (Creutz ladder, diamond
chain and 1D dice lattice) analyzed here complete or-
thonormal sets (satisfying Eq. (34)) of compact Wannier
functions exists. In the case of the 2D dice lattice these
can also be found for the lower and upper bands, but
compact Wannier functions only in the generalized sense
of Ref. [52] can apparently be found for the middle one,
as shown in Appendix B. The polynomial Bloch functions
that generate all of the compact Wannier function sets
used in the following are provided in Appendix B.
Using orthonormal sets of compact Wannier functions
is crucial for our purposes since they are used to expand
the field operators
cˆiα =
∑
n,j
wn(i− j, α)dˆnj . (35)
The orthonormality of the Wannier functions ensures
that the annihilation and creation operators in the Wan-
nier function basis dˆnj, dˆ
†
nj satify the (anti-)commutation
relations for bosons (fermions). Using the orthonormal-
ity of the Wannier functions Eq. (35) can be inverted
dˆ†nj =
∑
i,α
wn(i− j, α)cˆ†iα . (36)
The action of the conserved quantities on the operators
dˆnj, dˆ
†
nj turns out to be particularly simple. Consider
for instance the Creutz ladder. By combining the gauge
transformations
GˆicˆjαGˆ†i =
{
−cˆjα i = j,
cˆjα i 6= j . (37)
with adjacent intertwining operators (15)-(16) one ob-
tains the operators Cˆi = GˆiUˆiUˆi+1 (see Fig. 10),
which commute with the full many-body Hamiltonian
([Cˆi, Hˆ(Φ)] = 0) for quite a general class of interaction
terms, as previously discussed. In the specific case of
the Creutz ladder the expansion in Eq. (36) reads (see
Eq. (B2) in the Appendix)
dˆ†±,j =
1
2
(
cˆ†j,1 + cˆ
†
j,2 ± cˆ†j+1,1 ∓ cˆ†j+1,2
)
. (38)
It is easy to check from the above equation and the defi-
nition of the Cˆi that
Cˆidˆ†±,j Cˆ†i =
{
−dˆ†±,j i = j ,
dˆ†±,j i 6= j .
(39)
The last equation completely specifies the action of Cˆi on
the whole Hilbert space, therefore an equivalent form for
these operators is
Cˆj = exp
(
ipi
∑
n=±
dˆ†nj dˆnj
)
. (40)
In the spinful case one simply adds a summation over the
spin degree of freedom
Cˆj = exp
(
ipi
∑
n=±
∑
σ=↑,↓
dˆ†njσdˆnjσ
)
. (41)
The interpretation of Eq. (40) and (41) is clear. They
keep track of the parity of the number of particles occu-
pying the compact Wannier functions which have support
on unit cells j and j + 1, in our convention. This is the
parity of the occupation numbers summed over band and
spin degrees of freedom, and possibly other internal de-
grees of freedom present in more general models. If the
occupation number is odd, that is if the system is in an
eigenstate of Cˆj with eigenvalue −1, there is an unpaired
particle that may perform some dynamics in the spin or
band space, but will always be localized in the group
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of compact Wannier functions labelled by the same unit
cell index j. On the other hand, pairs of particles can
be freely removed from or added on the same Wannier
functions and in the presence of interactions they will
most likely do so and will be found in states extended
throughout the whole system. These extended states are
responsible for the change of the ground state energy
E0(Φ) as the flux is varied.
Consider then the 1D dice lattice of Fig. 2c. We are
able to obtain conserved quantities only for the values
k2 = 0, pi for which the Hamiltonian is time-reversal in-
variant. In both cases k2 = 0, pi the gauge transformation
Gˆi to be combined with the intertwining operators is the
same as in Eq. (37), where the orbital index runs now over
α = 1, . . . , 6. The compact Wannier orbitals correspond-
ing to the operators dˆn,j are given implicitly in terms of
polynomial Bloch functions in Appendix B, Eqs. (B5)-
(B10). Then the conserved quantity Cˆi = GˆiUˆiUˆi+1 for
k2 = 0 can be written in the equivalent form
Cˆj = exp
(
ipi
∑
n=1,3,5
dˆ†n,j dˆn,j + ipi
∑
n=2,4,6
dˆ†n,j+1dˆn,j+1
)
.
(42)
The physical content of this last equation is the same
as Eq. (40), that is a parity operator detecting unpaired
particles in the occupation of a group of Wannier orbitals.
Spin can be accounted for by taking two copies of Eq. (42)
as done in Eq. (41) for the Creutz ladder. On the other
hand the conserved quantities for k2 = pi take exactly the
same form as in Eq. (40) where the band index runs over
n = 1, . . . , 6.
The diamond chain is obtained from the 1D dice lattice
by setting all the hoppings along vertical links to zero.
These are the t1 and t4 hopping matrix elements in the
notation of Appendix A 2. In fact these hoppings can
be continuously decreased while preserving the perfect
flatness of all bands. The conserved quantities of the 1D
dice lattice for k2 = 0, pi are preserved if t1 = t4 = t
′ with
t′ real but otherwise arbitrary. In this way one recovers
the conserved quantities of the diamond chain [26] (see
Fig. 10) having the same form as in Eq. (40), where the
band index runs over the three flat bands of the diamond
chain (n = 0,± in the notation of Appendix A 3 and B 3).
Using the commutation rules between field operators
dˆnj in the Wannier function basis and local conserved
quantities Cˆj in Eq. (39), which are valid for all lat-
tice models with suitable relabellings, it is easy to show
that the single-particle propagator 〈cˆiα(t)cˆ†jβ(t′)〉 is in
fact vanishing beyond a finite range [53]. For example
for the Creutz ladder and diamond chain one finds that
〈cˆiα(t)cˆ†jβ(t′)〉 = 0 for |i − j| ≥ 2, a result which has
been confirmed in a recent DMRG study of the Creutz
ladder [39]. This is a consequence of the fact that the
Wannier functions are compact. On the other hand if
the Wannier functions were just exponentially decaying
then the single-particle propagator would be exponen-
tially decaying and thus short-ranged as well. A short-
ranged propagator indicates precisely that single-particle
excitations are localized in a quantum many-body sys-
tem. On the other hand we know for the same lattice
models that the ground state is conductive (see Section
III and IV). Therefore we conclude that charge transport
is solely a result of the motion of 2n-body bound states,
in particular Cooper pairs (n = 1) as shown by the gen-
eral arguments of Ref. [5]. These pairs are preformed
since they are present even above the critical tempera-
ture to a superfluid state. Indeed, our argument shows
that the single-particle propagator is short-ranged at any
temperature.
Note that the locality of the conserved quantities is
essential to prove that the single-particle propagator is
short-ranged. The global intertwining operators of Ap-
pendic C cannot be used to constrain the single-particle
propagator, precisely because of their global nature.
Instead of Eq. (39) one can consider the family of uni-
tary operators Cˆi(φ) parametrized by φ and defined by
their action on the field operators in the Wannier basis
Cˆi(φ)dˆ†±,j Cˆ†i (φ) =
{
eiφdˆ†±,j i = j ,
dˆ†±,j i 6= j .
(43)
By construction these commute with the Creutz ladder
Hamiltonian Hˆ0. Obviously the class of interaction terms
that commutes with the operators Cˆi(φ) for arbitrary φ
is contained in the one commuting with Cˆi(φ = pi) = Cˆi
only. In some cases they actually coincide. This is the
case of spinless fermions on the Creutz ladder studied in
Ref. [43]. Indeed one finds that the operators Cˆi(φ) per-
form canonical transformations of the field operators cˆi,α
which mix orbitals within the same unit cell only, there-
fore the operators nˆj = cˆ
†
j,1cˆj,1 + cˆ
†
j,2cˆj,2 are invariant for
all j. Thus the most general quartic interaction term pre-
serving the conserved quantities for arbitrary φ has the
form Hˆint =
∑
ij Vij nˆinˆj . On the other hand it is easy to
check that any quartic interaction term commuting with
the operators Cˆi has exactly the same form. For example,
using the fermionic commutation relations, the nearest-
neighbour interaction term considered in Ref. [43] can be
written in the form
Hˆint = V
∑
j
cˆ†j,1cˆj,1cˆ
†
j,2cˆj,2 =
V
2
∑
j
(nˆ2j − nˆj) , (44)
which is manifestly invariant under the action of Cˆi(φ) for
arbitrary φ. The good quantum numbers are in this case
the total particle number in the Wannier orbitals labelled
by the same j (the eigenvalue of dˆ†+,j dˆ+,j+ dˆ
†
−,j dˆ−,j), not
just its parity as in the case of spin-1/2 fermions. This
means that particles cannot move around in the lattice
and transport is suppressed in any form. Similar consid-
erations apply also to the 1D dice lattice and were made
in the case of the diamond chain already in Ref. [26].
The on-site Hubbard interaction is special since both in
the case of bosons and spin-1/2 fermions it is invariant
under Cˆi(φ) strictly only for φ = pi, and thus allows pair
transport.
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We conclude this section by observing that in all the
models considered here the conserved quantities have the
same form: parity operators associated to the occupation
of compact Wannier orbitals. Therefore orthogonal sets
of compact Wannier functions seem to play an essential
role in the construction of these conserved quantities. In
the next section we analyze in more detail some of the
consequences of the presence of these conserved quanti-
ties.
D. Projection on the flat band
The presence of an extensive number of mutually com-
muting local integrals of motion is useful for a number of
purposes. As an example, here we use the results of the
previous section to explain some findings regarding the
fermionic Creutz ladder with Hubbard interaction pre-
sented in our previous work [5].
The operators Cˆj do not commute only with the full
many-body Hamiltonian Hˆ = Hˆ0 + Hˆint, but also with
the noninteracting part Hˆ0 and the interaction term Hˆint
separately. Therefore these are conserved quantities also
of the Hamiltonian projected on the flat band many-body
subspace. The technique of projecting a Hamiltonian on
the flat band of the noninteracting term is useful when
the interaction strength is smaller than or comparable to
the band gap separating the flat band from other bands.
This technique has been routinely used to explore the
properties of flat band models with interactions, both
in the case of bosons [24, 25, 54] and fermions [5, 55].
The general formalism is presented in detail in Ref. [5]
where it is viewed as the first order step in a perturbative
expansion in the ratio between interaction strength and
band gap |U |/Eg. In the case of spinful fermions the
Hubbard interaction projected on the lowest band of the
Creutz ladder has been calculated in Ref. [5] and this
result is summarized here.
The field operators projected on the lowest band n = −
of the Creutz ladder are defined by truncating the sum
over bands in Eq. (35)
c¯iασ =
∑
j
w−(i− j, α)dˆ−,jσ . (45)
We use a bar (c¯) instead of a hat (cˆ) to denote opera-
tors projected on the lowest band, as in Ref. [5]. The
projected Hubbard interaction is then
Hint = U
∑
i,α
c¯†iα↑c¯iα↑c¯
†
iα↓c¯iα↓ . (46)
Contrary to Ref. [5], we use here the convention that the
interaction parameter U can be both positive (repulsive
case) or negative (attractive case). In order to expand the
projected interaction (46) in terms of the operators in the
Wannier basis it is convenient to introduce two families of
(pseudo-)spin operators. One family of operators encodes
the spin degree of freedom of localized single particles in
the Wannier orbitals of the lowest band
Sˆ+j =
(
Sˆ−j
)†
= dˆ†−,j↑dˆ−,j↓ , (47)
Sˆzj =
1
2
(
dˆ†−,j↑dˆ−,j↑ − dˆ†−,j↓dˆ−,j↓
)
, (48)
Sˆxj =
1
2
(
Sˆ+j + Sˆ
−
j
)
, Sˆyj =
1
2i
(
Sˆ+j − Sˆ−j
)
. (49)
These operators satisfy the usual SU(2) commutation
relations. The other family of (pseudo-)spin operators
encodes the presence or absence of a pair of particles in
the same orbitals
Tˆ+j =
(
Tˆ−j
)†
= dˆ†−,j↑dˆ
†
−,j↓ , (50)
Tˆ zj =
1
2
(
dˆ†−,j↑dˆ−,j↑ + dˆ
†
−,j↓dˆ−,j↓ − 1
)
, (51)
Tˆ xj =
1
2
(
Tˆ+j + Tˆ
−
j
)
, Tˆ yj =
1
2i
(
Tˆ+j − Tˆ−j
)
. (52)
They satisfy the same commutation relations as the
Sˆ
(x,y,z)
j , moreover the two set of spin operators commute
with each other [Sˆαj , Tˆ
β
l ] = 0. The two families of opera-
tors are related by a particle-hole transformation on the
↓-spin (dˆ−,j↓ → dˆ†−,j↓). In terms of these operators the
projected Hamiltonian is
Hint = U
4
∑
j
Tˆj · Tˆj+1 − U
4
∑
j
Sˆj · Sˆj+1
+
U
4
∑
j
(
Tˆ+j Tˆ
−
j + Tˆ
z
j +
1
4
)
,
(53)
where Tˆj = (Tˆ
x
j , Tˆ
y
j , Tˆ
z
j )
T and Sˆj = (Sˆ
x
j , Sˆ
y
j , Sˆ
z
j )
T . The
fact that the projected Hamiltonian can be expressed en-
tirely in terms of the two families of pseudospin operators
is a consequence of the local conserved quantities of the
Creutz-Hubbard model with spin, Eq. (41). Indeed it is
easy to prove that Hint commutes with
Cj = exp
(
ipi
∑
σ=↑,↓
dˆ†−,jσdˆ−,jσ
)
, (54)
the projected form of Eq. (41). Viceversa any Hamilto-
nian commuting with all the Cj can be expressed only in
terms of the two families of spin operators. Indeed, take
an Hamiltonian which is a linear combination of terms
of the form dˆ†j1↑dˆ
†
j2↓dˆj3↓dˆj4↑ such as Eq. (46). By requir-
ing that each of them commutes with all the operators
Cj one obtains the constrain that the indices j1, j2, j3, j4
are two by two equal. From this it follows easily that
each term in the linear combination can be rewritten in
terms of the pseudospin operators. For example the case
j1 = j2 and j3 = j4 corresponds to a pair-hopping term
Tˆ+j1 Tˆ
−
j3
.
It may seem from Eq. (53) that the projected Hamil-
tonian is equivalent to two uncoupled copies of identical
spin chains with opposite sign of the couplings. However,
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the Pauli exclusion principle imposes some constrains on
the Hilbert space on which the projected Hamiltonian
acts. Denote by Sj and Tj the total angular momentum
of the pseudospin operators defined as usual by the eigen-
values of Sˆ
2
j and Tˆ
2
j , respectively. Then the constrains
are
Cj |ψ〉 = + |ψ〉 ⇒ Sj = 0 , Tj = 1/2 (55)
Cj |ψ〉 = − |ψ〉 ⇒ Sj = 1/2 , Tj = 0 , (56)
where |ψ〉 is an arbitrary state in the allowed Hilbert
space. These constrains express the fact that pairs and
unpaired particles cannot reside simultaneously in the
same spinful Wannier orbital. In particular, an unpaired
particle at Wannier orbital j prevents all pairs on the left
side to tunnel on the right side since only nearest neigh-
bor pair-hopping terms (of the form Tˆ+j Tˆ
−
j+1 + H.c.) are
present in Eq. (53). At the level of the projected Hamil-
tonian transport is completely suppressed by a single lo-
calized particle.
However, transport is allowed even in the presence of
unpaired particles if interband transitions are taken into
account. This amounts to take higher orders in the ex-
pansion in |U |/Eg. The second order in the expansion
has been calculated in Ref. [5], where it is noted that
even at this order terms violating the conserved quan-
tities in Eq. (54) are absent. This means that even at
the second order in perturbation theory, the low energy
effective Hamiltonian can be expressed solely in terms
of the (pseudo-)spin operators and the motion of un-
paired particles is completely suppressed. With the re-
sult of the present work, we now understand that this
is not accidental, but occurs at any order of pertur-
bation theory due to the exact symmetries of the full
many-body Hamiltonian (41). At second order terms
of the form Tˆ+j−1Tˆ
−
j+1 + H.c. do appear (see Eq. (44)-
(45) in Ref. [5]) which allow a pair of particles to jump
over a localized particle in Wannier orbital j. Consis-
tently in the presence of spin imbalance, we find that
|E0(Φ)− E0(0)| ∝ U2/Eg for small U , see Fig. 6.
We observe in passing that a similar situation occurred
in Ref. [45], where local Z2 symmetries of the low energy
effective Hamiltonian of the quantum Ising model on the
diamond chain were found, but were not associated to
conserved quantities of the full Hamiltonian.
A final interesting observation is that the projected
Hamiltonian Hint is completely integrable in the Bethe
ansatz sense. Indeed one can fix a subspace of the Hilbert
space by specifying all the eigenvalues Cj = ±1 of Cj . In
this subspace the Hamiltonian breaks down in indepen-
dent XXX spin chains [56] with both open or periodic
boundary conditions for the degrees of freedom of spin
(Cj = −1) and pair propagation (Cj = +1). The XXX
spin chain with both open and periodic boundary condi-
tions can be solved by Bethe ansatz [57]. In view of the
previous discussion a natural question for future stud-
ies is whether integrability is an approximate low-energy
property only or a feature of the full fermionic Creutz-
Hubbard mode and possibly other models.
VI. DISCUSSION AND CONCLUSION
In this work we address the question of the nature of
the charge carriers in a flat Bloch band of a lattice Hamil-
tonian in the presence of interparticle interactions. The
main result is that in some one dimensional lattice models
single-particle transport is completely suppressed since
the single-particle propagator is short-ranged at any tem-
perature, in fact strictly vanishing beyond a finite range.
This is a consequence of the extensive number of inde-
pendent local conserved quantities constructed in this
work. This result, combined with our previous finding
that the superfluid weight is nonzero in the same models
in the presence of an attractive Hubbard interaction [3–
5, 27, 28], imply that pairs of particles are necessarily
present and are the only charge carriers. Moreover, we
find that pair transport manifests as the period halving
of the Aharonov-Bohm effect in a ring geometry. Indeed,
we consistently observe in our numerical simulations that
the ground state energy is Φ0/2-periodic as a function of
the magnetic flux threading the ring. Interestingly, the
local intertwining operators of Sec. V A, which show that
the ground state energy is exactly Φ0/2-periodic, are also
the building blocks of the local conserved quantities.
Our exact analytical arguments are rather powerful
and have general applicability. The intertwining oper-
ators for 1D lattice Hamiltonians show that the entire
many-body spectrum, not just the ground state energy,
is Φ0/2-periodic. Therefore signatures of this peculiar
periodicity should be observable even at high tempera-
ture. The intertwining operators are canonical transfor-
mations, in the specific permutations of field operators
modulo a gauge transformation, as a consequence our
argument applies to bosons, fermions and even hardcore
bosons and spin systems [45], emphasizing that this phe-
nomenon is purely a result of the band flatness and inde-
pendent of the specific details of the lattice Hamiltonian
and particle statistics.
The fact that the ground state energy and the associ-
ated persistent current have a half-flux quantum period
was anticipated in Ref. [26] in the case of the diamond
chain and verified in the context of Josephson junction
arrays both in the clean [58] and disordered cases [59] by
explicitly calculating the persistent current. The anoma-
lous periodicity of the current in Josephson junction ar-
rays was subsequently measured in Refs. [21, 22]. Our
results show that the Φ0/2-periodicity of the current is
robust and independent of any approximation and ap-
plies to more general systems than Josephson junction
arrays, on which no experiments have been performed
yet.
We have shown in the case of the 1D dice lattice that
local conserved quantities may or may not exists depend-
ing on the value of the hopping matrix elements even if
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the bands remain flat. The periodicity of the ground
state energy can serve as a simple effective tool to probe
the existence of such conserved quantities, in particular
in the case of spin imbalance for spin-1/2 fermions as
shown in Figs. 7-8-9. An interesting direction for future
work is to analytically show that the ground state energy
is Φ0/2-periodic in the spin balanced case, as pointed by
our numerical results, and investigate the nature of the
excitations responsible for the breaking of this periodic-
ity in the case of spin imbalance. Figs. 8-9 show that the
lifting of Φ0/2-periodicity is due to interband mixing in
the case of spin imbalance, rather than being an effect in-
trinsic to the partially filled flat band. Thus it might be
possible to provide rigorous analytical arguments at the
level of the projected Hamiltonian as done in Sec. V D.
For example it might be possible to prove that the ground
state energy is Φ0/2-periodic up to a correction of order
(U/Eg)
2 or higher. Indeed in all cases the local con-
served quantities commute with the noninteracting part
and the interaction term of the Hamiltonian separately,
which means that they survive the projection of the in-
teraction term onto the flat band many-body subspace.
As mentioned before, the local conserved quanti-
ties had already been found for the diamond chain in
Ref. [26], while the fact that interactions can lead to the
delocalization of two-body bound states was pointed out
in Ref. [6]. The novel point of the present work is that
these are not peculiarities of a special lattice model such
as the diamond chain, but rather generic features of lat-
tices with flat bands. Of course we are not able to provide
completely general arguments, but our results point out
that this should be possible to some extent.
Our approach has two main advantages. First it con-
nects the existence of local conserved quantities to an
exact observable property, the half-flux quantum peri-
odicity of the persistent current. Second it emphasizes
the connection between these symmetries and canonical
transformations built from graph automorphisms. The
connection between graph theory and flat band physics
has a long history [47–50] and recent results [46, 51] in-
dicate that much remains to be done in this direction.
Moreover it is clear that our results apply regardless of
particle statistics. Curiously, much of the work that fol-
lowed the seminal work by Douc¸ot and Vidal [26] has
focused on bosons, more specifically on Josephson junc-
tion arrays [21, 22, 58–62], also in view of possible ap-
plications to topological quantum computing [63]. There
are some theoretical works on the diamond chain with
fermions [64–70], however the question of the existence
of the local conserved quantities has not been explicitly
addressed in any of these works. The only instance where
local Z2 symmetries have been discussed in the case of
fermions is Ref. [53], which considers the different case of
quantum wire networks, rather than lattice models.
In our opinion the fermionic case deserves more atten-
tion than what has been paid to it so far, indeed, “assum-
ing that the local Z2 symmetry cannot be spontaneously
broken, . . . such a system is never a Landau-Fermi liquid,
since the single-electron propagator is short ranged in
space” [53]. This means that lattices with flat bands can
serve as a paradigm for the study of non-Fermi liquid be-
havior. In particular in a flat band transport seems to be
dominated by two-body bound states even at high tem-
perature. This is an exact result in the one-dimensional
lattice models for which we are able to provide explicitly
the intertwining operators and the local conserved quan-
tities, but our numerical results suggest that this might
be approximately true also for models in higher dimen-
sionality, such as the 2D dice lattice. This suggests an
analogy with the enigmatic pseudogap phase observed
in underdoped cuprates above the transition tempera-
ture [30, 31], for which an explanation in terms of pre-
formed pairs has been put forward [29]. Moreover, recent
experiments [71] on twisted bilayer graphene have found
an unconventional superconducting state precisely in cor-
respondence of the twisting angle at which the moire´
bands are quasi-flat [72]. This superconductive state
emerges from a doped Mott insulator and therefore is
intriguingly similar to the one found in cuprates. We ad-
vocate that the flat band limit can be a useful staring
point for understanding these unconventional supercon-
ducting states. One reason is that in the flat band limit
exact analytical results can be obtained, as shown here.
These exact results can be used to benchmark the ap-
proximations necessary to tackle more general models.
There are several avenues where our results could be
put to experimental test. In recent years there have been
several realizations of flat bands models using optical lat-
tices [73–76] and more recently the Creutz ladder has
been proposed as a workhorse for the study of topological
effects in ultracold gases and its implementation seems
to be within reach with current experimental tools [43].
The diamond chain has been recently implemented with
photonic lattices [77], while excited orbital angular mo-
mentum states of ultracold atoms have been proposed as
a new venue for implementing the same model [78]. We
note also a recent theoretical work [79] where the phase
diagram of the diamond chain with a Bose-Hubbard in-
teraction term has been studied in detail and possible
strategies for its implementation have been described.
Another important achievement has been the imple-
mentation of the hexagonal lattice [80], from which a
topologically nontrivial band structure is obtained by
shaking the optical lattice [81, 82]. The lowest band of
the hexagonal lattice can be made almost flat by tun-
ing the strength of the shaking [27, 83]. The 2D dice
lattice, closely related to the hexagonal lattice, has not
been implemented yet, but a concrete proposal in this
sense has been put forward recently [84]. Therefore ul-
tracold gases are a promising platform for the study of
flat band physics and our results show that interesting
effects could be observable even at high temperature. In-
deed a current challenge for experiments with ultracold
atomic gases in optical lattices is the need to achieve
lower temperatures to uncover interesting phases of mat-
ter, for example quantum magnetism and unconventional
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superfluid states. Our work points out that signatures of
an exotic normal state characterized by the presence pre-
formed pairs should be observable at any temperature in
lattices with flat bands. In this sense it would be interest-
ing to study how robust are the effects due to preformed
pairs in the presence of perturbations that slightly break
the perfect flatness of the bands and their characteristic
temperature scale.
In the solid state context we envisage the use of quan-
tum dot arrays, or artificial nanostructures [85, 86] to ob-
serve the phenomenon of period halving of the Aharonov-
Bohm effect in non-superconducting electronic systems,
in analogy to what has been done in the case of Josephson
junctions arrays. Beyond ultracold gases and electronic
systems, there are nowadays a number of available exper-
imental platforms that can be used to explore flat band
physics, see Ref. [87] for a recent review. We hope that
our work will stimulate further theoretical and experi-
mental investigations in this direction.
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Note — After the submission of this work for publi-
cation, a related independent work appeared in arXiv,
Ref. [39]. In this latter reference an in depth DMRG
analysis of the Creutz ladder has been performed, in par-
ticular the finite size scaling of the energy vs. flux E0(Φ)
and of the Drude weight, as in Fig. 4 of this work. The
numerical results of Ref. [39] provide an independent ver-
ification of the validity of Eqs. (12)-(13) and confirm that
the single-particle propagator is short-ranged, which is a
consequence of the existence of the conserved quantities
found in this work for the Creutz ladder, Eq. (41).
Appendix A: Hamiltonians of lattice models
1. Creutz ladder
The Creutz ladder is shown schematically in Fig. 2a.
We provide the hopping matrix of a slightly more general
model where the hoppings along the horizontal direction
(α = 1 ↔ α = 1, α = 2 ↔ α = 2) can have a differ-
ent magnitude from the ones in the diagonal direction
(α = 1 ↔ α = 2). The two complex hopping matrix el-
ements are called t1, t2. This more general model where
the bands are nonflat for t1 6= ±t2 is used in Fig. 5 in the
bottom panel. The corresponding tight-binding Hamil-
tonian is
HˆCreutz =
∑
j
[
t1
(
cˆ†j+1,1cˆj,1 − cˆ†j+1,2cˆj,2
)
+ t2
(
cˆ†j+1,1cˆj,2 − cˆ†j+1,2cˆj,1
)
+ H.c.
]
.
(A1)
The matrix K(j) = K(j) is nonzero only for j = ±1 and
it reads
K(1) = [K(−1)]† =
(
t1 t2
−t2 −t1
)
. (A2)
The lattice spacing is denoted by a, as a consequence
for a lattice of length L = Nca with periodic Born-
von Ka´rma´n boundary conditions, the wavevectors are
quantized in multiples of 2pi/L, that is k = 2pimL with
m ∈ 0, . . . , Nc−1. Then from the definition of the Fourier
transform of the hopping matrix one has
K˜(k) = K˜(k) =
=
(
t1e
−ika + t∗1e
ika t2e
−ika − t∗2eika
t∗2e
ika − t2e−ika −t1e−ika − t∗1eika
)
= (t1e
−ika + t∗1e
ika)σz + i(t2e
−ika − t∗2eika)σy ,
(A3)
where σx,y,z are the Pauli matrices.
2. Two dimensional dice lattice and dimensional
reduction
The dice lattice is a tripartite lattice. There are two
types of sites: the hub sites have coordination number 6
(hexagons in Fig. 2b-c) and the rim sites have coordina-
tion number 3 (triangles in Fig. 2b-c). The rim sites can
be divided into two sublattices. In total there are three
sublattices and all links connect sites from two different
sublattices.
If all the hopping matrix elements are equal the un-
derlying Bravais lattice is triangular with fundamental
vectors v1 = (
√
3a, 0)T , v2 = (
√
3a/2, 3a/2)T . Here a
is the length of the edge of an elementary rhombus in
the lattice. The vectors connecting a hub sites to the
rim sites are b1 = (0, a)
T , b2 = (
√
3a/2, a/2)T and
b2 = (
√
3a/2,−a/2)T and their opposite −bi=1,2,3.
With the signs of the hopping matrix elements chosen
as in Fig. 2b-c the flux through each elementary rhom-
bus is half of a flux quantum. The area of the unit cell
is three times the area of an elementary rhombus, which
means that the flux through a unit cell is also half of
a flux quantum (flux is defined modulo 2pi in a lattice).
Therefore the area of the smallest magnetic unit cell is
twice as large as the unit cell of the triangular lattice.
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The magnetic unit cell used in this work is shown in
Fig. 2b-c and comprises six lattices sites, four rim sites
α = 1, 2, 5, 6 and the two hub sites α = 3, 4. The under-
lying Bravais lattice is rectangular and the fundamental
vectors are a1 = v1 and a2 = 2v2 − v1 = (0, 3a)T as
shown in Fig. 2b.
In Fig. 2b-c all the hopping matrix elements have the
same magnitude t up to a phase, as in indicated by the
colour of the links. In fact one can allow for different am-
plitudes along the three distinct directions bi=1,2,3 of the
links, while preserving the perfect flatness of the bands.
Call ti the hopping amplitude along the links parallel to
bi. On the vertical links (parallel to b1) we also alter-
nate between hopping matrix elements with amplitude t1
and t4. One could even consider an even more general
model with perfectly flat spectrum with alternating hop-
ping matrix elements also along the diagonal directions
b2,3. This is not done here since the magnetic unit cell is
larger in this case. The Fourier transform of the hopping
matrix of the more general 2D dice lattice is
K˜(k1, k2) =

0 0 t∗3 + t2e
−ik1 −t∗1 0 0
0 0 t∗2 − t3e−ik1 t4e−ik2 0 0
t3 + t
∗
2e
ik1 t2 − t∗3eik1 εh 0 t4e−ik2 t∗1
−t1 t∗4eik2 0 εh −t∗2 + t3e−ik1 t∗3 + t2e−ik1
0 0 t∗4e
ik2 −t2 + t∗3eik1 0 0
0 0 t1 t3 + t
∗
2e
ik1 0 0
 (A4)
where k · a1 = k2, k · a2 = k1 and k1, k2 ∈ [−pi, pi]. We
also allow for different onsite energy for the rim (εr = 0)
and hub (εh) sites. Even if εh 6= 0 all the bands are still
perfectly flat. In Fig. 2b we show the 2D dice lattice with
t1 = t2 = t3 = t4 = t, the only case considered in our
numerical simulations.
The 1D dice lattice is obtained by dimensional reduc-
tion of the 2D dice lattice. The hopping matrix of the
1D dice lattice is obtained by inverting the Fourier trans-
form only with respect to k1, while k2 is in this case a
continuous parameter which gives a family of 1D lattices
with hopping matrix
Kk2(i− j) =
1
2pi
∫ pi
−pi
dk1 K˜(k1, k2)e
ik1(i−j) . (A5)
In Fig. 2c we show the 1D dice lattice for t1 = t2 = t3 =
t4 = t and arbitrary k2, the case on which we concentrate
in this work. Of particular interest are the values k2 = 0
and k2 = pi, for which the Hamiltonian is time-reversal
symmetric. The 1D dice lattice for k2 = 0 corresponds
to the choice of periodic boundary condition along the
transverse (a2) direction, while k2 = pi to antiperiodic
boundary conditions along the same direction.
3. Diamond chain
The diamond chain [26] can also be obtained from the
2D dice lattice by setting t1 = t4 = 0 and eliminating
sites α = 4, 5, 6. Then the 2D lattice decouples in par-
allel 1D chains all identical to the diamond chain. This
amounts to retaining only the minor relative to the first
three columns/rows of the matrix in Eq. (A4), that is
K˜(k) =
 0 0 t∗3 + t2e−ika0 0 t∗2 − t3e−ika
t3 + t
∗
2e
ika t2 − t∗3eika εh
 . (A6)
In the original diamond chain discussed in Ref. [26] the
hopping matrix elements are all equal which amounts to
setting t2 = t3 = t. The band structure is composed of
perfectly flat bands for arbitrary values of the complex
parameters t2, t3 and of the on-site energy εh of the hub
sites. In Fig. 2d the case t2 = t3 = t is represented.
Appendix B: Compactly localized Wannier functions
In this Appendix the compact Wannier functions for
the lattice models considered in the present work are pro-
vided. In fact we provide the polynomial Bloch functions
which are related to the compact Wannier functions by a
Fourier transform (31). In the basis of compact Wannier
functions the conserved quantities have a particularly
simple interpretation as parity operators, as explained
in Sec. V C.
1. Creutz ladder
The band structure of the Creutz ladder defined by the
Hamiltonian in Eqs. (A1)-(A3) is composed of perfectly
flat bands for t1 = ±t2. Let us take the case t1 = t2 = t
where t is real and positive. The energy eigenvalues for
the two flat bands are then ε± = ±2t and the correspond-
ing Bloch functions are
g±(k) =
1
2
(
1± e−ik
1∓ e−ik
)
. (B1)
The Bloch functions are polynomials in e±ik, therefore
their Fourier transform (31) produces compact Wannier
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functions
w±(j) =

1
2 (1, 1)
T j = 0 ,
± 12 (1,−1)T j = 1 ,
(0, 0)T j 6= 0, 1 .
(B2)
2. Dice lattice
The band structure of the dice lattice with hopping
matrix elements given by Eq. (A4) is composed of three
doubly degenerate flat bands with energy eigenvalues
ε0 = 0 , (B3)
ε± =
1
2
(
εh ±
√
ε2h + 4|t1|2 + 8|t2|2 + 8|t3|2 + 4|t4|2
)
.
(B4)
In the following we label the bands in increasing energy
order. The lower bands with energy ε− are labelled by
n = 1, 2, the middle bands with energy ε0 by n = 3, 4 and
the upper ones with energy ε+ by n = 5, 6. The poly-
nomial Bloch functions for the upper and lowest bands
have a simple form for arbitrary values of the parameters
ti=1,...,4 and εh and are given by
g1(k) = c(t
∗
3 + t2e
−ik1 , t∗2 − t3e−ik1 , ε−, 0, eik2t∗4, t1)T ,
(B5)
g2(k) = c(−t∗1, t4e−ik2 , 0, ε−,−t2 + t∗3eik1 , t3 + t∗2eik1)T .
(B6)
The normalization factor c is given by
c =
1√
ε2− + |t1|2 + 2|t2|2 + 2|t3|2 + |t4|2
. (B7)
Since the normalization factor does not depend on k the
Fourier transform of Eq. (B5)-(B6) produces a complete
orthonormal set of Wannier functions for the doubly de-
generate lower flat bands. The corresponding Bloch func-
tions for the upper bands are obtained from those of the
lowest band with the substitution ε− → ε+ in Eqs. (B5)-
(B7). We choose the convention that under this substi-
tution the Bloch functions are mapped as g1(k)→ g5(k)
and g2(k) → g6(k). The compact Wannier functions
obtained from g1,2(k) and g5,6(k) have support in the
smallest number of lattice sites (seven lattice sites, one
hub site together with the neighbouring rim sites).
For the middle bands we are not able to provide an
analogous orthonormal basis composed of compact Wan-
nier function in two dimensions. We can at best pro-
vide Wannier functions that are orthogonal and compact
along only a chosen spatial direction, but only exponen-
tially decaying in the orthogonal direction. Although it
is not difficult to obtain them for arbitrary values of the
parameters ti in Eq. (A4) we only need the special case
ti=1,2,3,4 = t to present the conserved quantities of the 1D
dice lattice as parity operators in the Wannier function
basis (Eq. (42) for k2 = 0 and Eq. (40) with n = 0, . . . , 6
for k2 = pi) . Therefore we provide them only in this lat-
ter case. The Bloch functions that produce the required
Wannier functions are then
g3(k) =

6
(−1 + e−ik1)− (1 + e−ik1) (e−ik2 + eik2)
−6 (1 + e−ik1)+ (−1 + e−ik1) (e−ik2 + eik2)
0
0
5− e2ik2
5eik2 − e−ik2

(B8)
g4(k) =

5e−ik2 − eik2
−5 + e−2ik2
0
0
−6 (1 + eik1)+ (−1 + eik1) (e−ik2 + eik2)
6
(
1− eik1)+ (1 + eik1) (e−ik2 + eik2)
 .
(B9)
These Bloch function are not normalized since
|g3(k)|2 = |g4(k)|2 = 6(6 + cos k2)(6− cos k2) . (B10)
Therefore the corresponding normalized Bloch functions
are polynomials in e±ik1 , but not in e±ik2 , and their
Fourier transform produces compact Wannier functions
only along direction a1 of the Bravais lattice, but not
along a2 where they are just exponentially decaying. If
the Fourier transform of the unnormalized Bloch func-
tions is taken, one obtains compact functions whose
translation along a2 are not orthogonal. This in a exam-
ple of the more general notion of compactly supported
Wannier-type functions introduced in Ref. [52]. If the
Fourier transform is taken only with respect to k1, one
obtains a basis of orthogonal and compact Wannier func-
tions which are eigenstates of the 1D dice lattice of Fig. 2c
for arbitrary values of k2. These compact Wannier func-
tions are used to present the conserved quantities of
the 1D dice lattice as parity operators in the Wannier
function basis (Eq. (42) for k2 = 0 and Eq. (40) with
n = 0, . . . , 6 for k2 = pi) and they are in some sense the
best possible choice since they have the smallest possible
support in terms of number of lattice sites and they are
uniquely specified (up to normalization) given the sup-
port. Similar Bloch functions that are polynomials only
in e±ik2 but not in e±ik1 can be found but are not pre-
sented in here.
3. Diamond chain
The energy of the three flat bands of the diamond chain
are obtained by setting t1 = t4 = 0 in Eq. (B3)-(B4). The
21
corresponding polynomial Bloch functions are then
g±(k) = c±(t∗3 + t2e
−ika, t∗2 − t3e−ika, ε±)T , (B11)
c± =
1√
ε2± + 2|t2|2 + 2|t3|2
, (B12)
g0(k) = (t
∗
3 − t2e−ika, t∗2 + t3e−ika, 0)T . (B13)
Their Fourier transform produces a complete set of or-
thornormal compact Wannier functions for the diamond
chain for arbitrary values of the parameters t2, t3, εh. In
Fig. 2d the special case t1 = t2 = t is shown. In the
main text we refer only to this special case when results
regarding the diamond lattice are presented.
Appendix C: Global intertwining operators
Here we present the global intertwining operators for
the Creutz ladder, the diamond chain and the 1D and 2D
dice lattices. These have been mentioned in Sec. V A. In
the case of the Creutz ladder the noninteracting Hamil-
tonian is given by
Hˆ0 =
Nc−1∑
j=0
cˆ†j+1K(1)cˆj + H.c. , K(1) = t1σz + it2σy .
(C1)
Consider the following canonical transformation
cˆj → (−1)jσxcˆj . (C2)
For j 6= Nc − 1 we have
cˆ†j+1K(1)cˆj → (−1)2j+1cˆ†j+1σxK(1)σxcˆj = cˆ†j+1K(1)cˆj ,
(C3)
while for j = Nc − 1
cˆ†0K(1)cˆNc−1 → (−1)Nc cˆ†0K(1)cˆNc−1 . (C4)
Thus for a chain of even length the above transformation
leaves the Hamiltonian invariant, while in the odd length
case one obtains an additional minus sign on the term
cˆ†0K(1)cˆNc−1, that is the Hamiltonian with flux Φ = 0
is mapped into the one with flux Φ = pi. The trans-
formation (C2) involves all lattice sites and corresponds
geometrically to a reflection that exchanges the orbitals
α = 1↔ α = 2 with each unit cell. The Hubbard interac-
tion term (and even more general types of interactions) is
left invariant by this transformation. Therefore Eq. (C2)
defines an intertwining operator for a Creutz ladder of
odd length. The intertwining operator for the diamond
lattice is very similar and is constructed from a reflection
which swaps orbitals α = 1 and α = 2 within all unit
cells (see below).
In the case of the 1D and 2D dice lattices one con-
siders canonical transformations defined in terms of the
following matrix
A(k2) =

0 eik2 0 0 0 0
eik2 0 0 0 0 0
0 0 eik2 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 1
0 0 0 0 1 0
 . (C5)
One can easily show that, for t1 = t2 = t3 = t4 = t and t
real in Eq. (A4),
A†(k2)K˜(k1, k2)A(k2) = K˜(k1 + pi,−k2) . (C6)
In the case of the 1D dice lattice, Eq. (C6) implies that
the action of A(k2) on Kk2(j) defined by Eq. (A5) is
A†(k2)Kk2(j)A(k2) = (−1)jK−k2(j) . (C7)
Let Uˆg the unitary operator which transforms the field
operators of the 1D dice lattice as UˆgcˆjUˆ†g = A(k2)cˆj .
Then its action on the noninteracting Hamiltonian is
UˆgHˆ0,k2(Φ = 0)Uˆ†g =
Nc−1∑
i,j=0
Uˆgcˆ†iKk2(i− j)cˆjUˆ†g
=
Nc−1∑
j=0
(−1)i−j cˆ†iK−k2(i− j)cˆj = Hˆ0,−k2(Φ = Ncpi) .
(C8)
The factor (−1)i−j in the second line in the above equa-
tion introduces a total magnetic flux Φ = Ncpi threading
the ring. This is equivalent to Φ = 0 for even length
and Φ = pi for odd length. Note that we have mapped
the noninteracting Hamiltonian Hˆ0,k2 to its time-reversal
partner with k2 → −k2. In order to recover the original
Hamiltonian with an additional Φ = pi flux one has to
use the antiunitary time-reversal operator Tˆ
Tˆ Hˆ0,−k2 Tˆ −1 = Hˆ0,k2 . (C9)
The complete global intertwining operator is thus Tˆ Uˆg,
modulo a gauge transformation. It is again evident that
this operator preserves the Hubbard term and other more
general types of interaction terms and is therefore an in-
tertwining operator for the full many-body Hamiltonian.
The intertwining operator for the 2D dice lattice is
closely related to the one of the 1D dice lattice. The
only subtle point is what is the effect of the time-reversal
operator once the Fourier transform with respect to k2 is
performed as well. One expects that there would be no
need for the time-reversal operator since the Hamiltonian
of the 2D dice lattice in Fig. 2b is time-reversal invariant.
Indeed, the answer is that after Fourier transforming the
time-reversal operator becomes a spatial reflection opera-
tor. It is easier to provide directly the global intertwining
operator for the 2D dice lattice in real space. It reads
Uˆgcˆ(i1,i2),1Uˆ†g = cˆ(i1,1−i2),2 , (C10)
Uˆgcˆ(i1,i2),2Uˆ†g = cˆ(i1,1−i2),1 , (C11)
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Uˆgcˆ(i1,i2),3Uˆ†g = cˆ(i1,1−i2),3 , (C12)
Uˆgcˆ(i1,i2),4Uˆ†g = −cˆ(i1,−i2),4 , (C13)
Uˆgcˆ(i1,i2),5Uˆ†g = cˆ(i1,−i2),6 , (C14)
Uˆgcˆ(i1,i2),6Uˆ†g = cˆ(i1,−i2),5 . (C15)
One can easily check that this intertwining operator is
built out of a spatial reflection (i2 → −i2), which is an
element of the space group of the dice lattice. For the
2D dice lattice the graph autorphism group and the space
group coincide, as mentioned in Sec. V A. If one ignores
the index i2, Eqs. (C10)-(C12) give the global intertwin-
ing operator of the diamond chain, for t2 = t3 = t real in
Eq. (A6).
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